A horizontal layer containing a miscible mixture of two fluids can produce dissipative solitons when heated from below. The physics of the system is described, and dissipative solitons are computed using numerical continuation for three distinct sets of experimentally realizable parameter values. The stability of the solutions is investigated using direct numerical integration in time and related to the stability properties of the competing periodic state.
1. Introduction. Many fluid systems exhibit spatially localized structures in both two [2, 4, 5, 7, 9, 14, 16] and three [10, 23] dimensions. Of these the localized structures or convectons arising in binary fluid convection are perhaps the best studied. These states are similar to localized structures studied in other areas of physics [1] despite the fact that fluid systems must always be confined between boundaries. On the other hand in fluid systems the length scale is typically set by the layer depth or the distance between any confining boundaries instead of being an intrinsic length scale selected by a Turing or modulational instability. As a result when we speak of localized states in binary fluid convection we mean states that are localized in the horizontal direction only. In this sense the problem resembles laser systems in short cavities in which the standing wave structure in the longitudinal direction remains of paramount importance [15] .
In fluids dissipation, whether through viscosity or thermal diffusion, is generally of great importance. For example, it is responsible for the presence of a finite threshold value of the Rayleigh number, a dimensionless measure of thermal forcing, for convection to occur. As a result the solitons of interest in the present article are strongly dissipative and hence require strong forcing for their maintenance. States of this type cannot therefore be understood in terms of (an infinite-dimensional) Hamiltonian system with small forcing and dissipation.
In this paper we study localized states in binary fluid convection in a horizontal layer of depth h heated from below. Binary liquids, such as water-ethanol and watersalt mixtures or mixtures of He 3 -He 4 at cryogenic temperatures, are characterized by a cross-diffusion effect called the Soret effect that describes the diffusive separation of the lighter and heavier molecular weight components of the mixture in an imposed temperature gradient. When the Soret coefficient is positive the heavier component migrates, on a diffusive time scale, towards the colder boundary and vice versa. On the other hand in the anomalous case in which the Soret coefficient is negative the heavier component migrates towards the hotter boundary. As a result if a mixture with a negative Soret coefficient is heated from below the destabilizing temperature gradient sets up, in addition, a stabilizing concentration distribution. The competition between these two effects leads to complex behavior, including time-dependence at onset of convection.
We nondimensionalize the governing equations using the depth h as the unit of length and the thermal diffusion time h 2 /κ in the vertical as the unit of time. The system is then described by the dimensionless equations [5] 
together with the incompressibility condition ∇ · u = 0. Here u ≡ (u, w) is the dimensionless velocity field in (x, z) coordinates and P is the pressure. The quantity θ denotes the departure of the temperature from its conduction profile, in units of the imposed temperature difference ∆T , while η is defined such that its gradient represents the dimensionless diffusive flux of the heavier component, η ≡ θ − Σ, where C ≡ 1 − z + Σ is the concentration of the heavier component in units of the concentration difference that develops across the layer via the Soret effect in response to the imposed ∆T . The boundary conditions are thus u = θ = η z = 0 on z = 0, 1, corresponding to no-slip, fixed temperature, zero-mass-flux boundaries at top and bottom. Throughout this paper we employ periodic boundary conditions in the horizontal direction, with the (dimensionless) spatial period Γ sufficiently large to permit the formation of dissipative solitons. In addition to Γ the system (1)-(3) is specified by four dimensionless parameters,
referred to, respectively, as the Rayleigh number, separation ratio, the Prandtl number and the Lewis number. Here α ≡ −ρ
0 (∂ρ/∂C) 0 > 0 is the corresponding coefficient describing the concentration dependence of the fluid density ρ, g is the acceleration due to gravity, ν is the kinematic viscosity and D is the molecular diffusivity of the heavier component. Thus σ and τ specify the properties of the fluid (typically for liquids σ = O(1) while τ = O(10 −2 )), while the parameter R specifies the strength of the applied temperature difference imposed across the system, and plays the role of an easily controllable bifurcation parameter. The parameter S is proportional to the Soret coefficient S T and characterizes the mixture since it measures the concentration contribution to the buoyancy force due to cross-diffusion. When S or equivalently S T is sufficiently negative, (i) the primary steady state bifurcation becomes subcritical since any convection that mixes the two components will decrease the stabilizing effect of the concentration stratification produced in response to the destabilizing thermal stratification, and hence make convection easier, and (ii) the primary instability of the conduction state u = θ = η = 0 becomes a Hopf bifurcation. This bifurcation is indicated in Fig. 1(a) by a solid dot, and in domains of sufficiently large horizontal extent leads to a spatio-temporally chaotic state known as dispersive chaos [11, 22] . The time-independent convectons discussed here emerge from this state via relaxation oscillations as described in [5] . Figure 2 highlights the focusing instability of the dispersive chaos state that leads to the formation of stable convectons in large domains. Since these states emerge from a chaotic state the width of the convectons that result is not unique, and simulations starting from different small amplitude perturbations of the conduction state may result in convectons of different lengths even for identical parameter values.
With identical boundary conditions at top and bottom, as in the present system, the convectons are of two symmetry types, even and odd. Both types are present together in an interval of Rayleigh numbers called the pinning or snaking region [28] and may be stable [5] . The properties and organization of these states resemble those familiar from parallel studies of a much simpler problem, the Swift-Hohenberg equation on the real line:
hereafter SH35 [12] . Figure 3 shows a typical bifurcation diagram computed for b 3 = 2 on a large domain of length Γ with periodic boundary conditions. The branch P of spatially periodic states with wavelength 2π bifurcates subcritically from u = 0 at r = 0 and is therefore initially unstable. With increasing amplitude it turns around and acquires stability in a saddle-node bifurcation. At point M, the Maxwell point, the energy of the state P vanishes and is therefore equal to the energy of the trivial state u = 0. At this point, r = r M , fronts can be constructed connecting the u = 0 state to P and back again, and consequently steady spatially localized structures of arbitrary length all coexist. However, because the state P is structured, the fronts cannot move freely when r is perturbed from r M : the fronts are pinned to the heterogeneity of the state P between them [28] , and consequently will only move once |r − r M | becomes sufficiently large. This physical argument relies on the existence of a free energy for SH35 but explains why multiple distinct spatially localized equilibria should be present in a "pinning region" surrounding the Maxwell point. There are in fact four distinct branches of dissipative solitons, labeled L φ , that bifurcate from u = 0 simultaneously with the P branch (Fig. 3) . Two of these are of even parity, with L 0 having maxima at the symmetry point x = 0, and L π having minima at x = 0. In contrast, the odd parity solitons are characterized by φ = π/2 (negative slope at x = 0) and φ = 3π/2 (positive slope at x = 0). The φ = 0, π solitons are related by the symmetry u → −u of SH35 and likewise for the φ = π/2, 3π/2 solitons. As a result the branches L 0 , L π in Fig. 3 coincide as do the branches L π/2 and L 3π/2 . At small amplitude these localized structures are only weakly localized (Fig. 3 , panels (i)-(iv)), but become strongly localized by the time they enter the pinning region (Fig. 3 , panels (v)-(viii)). Once in the pinning region all four soliton branches begin to snake, adding extra oscillations on either side of each soliton profile while preserving the overall symmetry of the profile (Fig. 3 , panels (ix)-(xii)). Stability computations indicate that solitons on branches with a positive slope are stable (solid lines) while those on branches with a negative slope are unstable (dotted lines) [12] . Asymmetric solitons, located on the rungs connecting the even and odd snaking branches, are never stable.
Figures 1(a,b) show that much of the phenomenology associated with the pinning region as described by SH35 also applies to convection in binary mixtures. This is so despite the fact that the fluid problem is not variational in time, and no energy playing the role of a Lyapunov function can be defined. This is because the snaking behavior shown in Figs. 1(a,b) and in Fig. 3 is in fact a consequence of the formation of a heteroclinic cycle between a trivial (conduction) state and a periodic state (convection), i.e., a solution profile that connects the trivial state to the periodic state, with a second connection from the periodic state back to the trivial state as x increases. In generic systems the formation of this type of orbit is a higher codimension phenomenon but in systems that are reversible in space 
Third row: profiles at the third saddle-nodes on L π/2 , L 0 and fifth saddle-nodes on L π/2 , L 0 . The unstable rung states correspond to states that are neither even nor odd (profiles not shown). After [12] .
the return connection follows from the equivariance of the equations with respect to x → −x, and the heteroclinic cycle may become generic or structurally stable. Numerical computations suggest that this is the case for binary fluid convection: the pinning or snaking interval is filled with heteroclinic cycles connecting the trivial and periodic states. The boundaries of this region correspond to tangencies between the unstable (stable) manifold of the conduction state and the center-stable (centerunstable) manifold of the periodic state [6, 13, 29] ; an energy function is not required at any stage of this argument. Moreover, the midplane reflection symmetry of Eqs. (1)- (3) with identical boundary conditions at top and bottom plays the same role as the symmetry u → −u of SH35. Consequently four branches of spatially localized convectons bifurcate from the conduction state together with the branch P of periodic states, provided only that the problem is posed on the whole real line. When these are followed numerically by decreasing the Rayleigh number their amplitude grows while their width shrinks. Once their amplitude and width is comparable to the amplitude and wavelength of steady spatially periodic convection on the upper branch (Fig. 1a) all four convecton branches enter the pinning region and begin to snake back and forth across it (Fig. 1a) as the convectons grow in length by nucleating additional convection rolls at both ends. With periodic boundary conditions in the horizontal this process continues until the length of the convecton becomes comparable to the available spatial domain when the convecton branches turn over towards the saddle-node of the periodic branch and leave the pinning region [2, 7, 8] . The latter bifurcation can be interpreted as a bifurcation of holes from a periodic state, and once again creates four branches, with phases φ = 0, π/2, π, 3π/2. These branches also snake once they enter the pinning region from above, and the hole deepens and gradually fills with the conduction state. On the real line these eight snaking branches remain distinct but on periodic domains with finite period they (generally) connect pairwise [8] . We mention that we expect runglike secondary branches to be present in Figs. 1(a,b) as well. However, in contrast to SH35 (Fig. 3) , in the convection problem these states are expected to correspond to drifting solitons and these are not computed in this article -states of this type are only stationary in SH35 because of its variational structure. In this article we study the above problem in two spatial dimensions, with a single extended horizontal dimension. We present results for three sets of parameters that have been used in experiments on water-ethanol mixtures. The computations use a periodic domain with Γ = 14, allowing exactly seven wavelengths of the periodic convection pattern in the computational domain. While not large, this aspect ratio suffices to identify and study single-pulse spatially localized structures that are of interest here. Nonperiodic domains with realistic lateral boundary conditions are discussed in detail in [25, 26] .
2.
Results. Steady solutions of Eqs. (1)- (3) with the boundary conditions specified above satisfy either (u(x, z), w(x, z), θ(x, z), η(x, z)) = (−u(−x, z), w(−x, z), 1 − z) ). In the following we refer to the former as even and the latter as odd, in both cases with respect to the line x = 0. Since we are using periodic boundary conditions both the periodic states and the localized states can be translated so as to possess well-defined parity with respect to the center of the domain x = 0. Such states can therefore be computed by imposing appropriate symmetry on the solution. These symmetry properties are not, however, satisfied by time-dependent states such as the traveling wave states that bifurcate from the conducting state at R = R H (see Fig. 1 ). Instead these states have a mirror-glide symmetry [18, 3, 22] : (u(x + λ/2, z), w(x + λ/2, z), θ(x + λ/2, z), η(x + λ/2, z)) = (u(x, 1 − z), −w(x, 1 − z), −θ(x, 1 − z), −η(x, 1 − z)), at each instant of time, where λ is the wavelength of the traveling wave. Moreover, translations of the solution are equivalent to evolution in time. Solutions with this property are called rotating waves, since they correspond to steady states in an appropriately moving frame. The speed of this frame (the phase speed of the wave) solves a nonlinear eigenvalue problem. Care must be taken to include an overall mean flow in the horizontal direction that is associated with the wave. In dissipative systems of this type this mean flow cannot be transformed away by a Galilean transformation and consequently all traveling states generically exhibit left-right asymmetric profiles -in contrast to classical problems such as the Korteweg-de Vries equation that is derived from a Galilean-invariant problem.
In the following we focus on three different parameter sets we refer to as Case A, B and C, respectively, and (i) compute the complete bifurcation diagrams for steady spatially localized states, and (ii) use direct numerical integration to determine the stability properties of these states in a Γ = 14 periodic domain. All three cases correspond to parameter values used in water-ethanol experiments although these typically employ larger aspect ratios than used in our numerical computations. Numerical continuation for these parameter sets has been carried out before but focused on periodic states with period Γ = 2 only, i.e., on steady overturning convection (hereafter SOC [5, 22] ) and on traveling wave convection (hereafter TW [22, 24] ) with wavelength λ = Γ, and on their linear stability properties with respect to wavelength changing or Eckhaus modes [22] . Direct numerical integration in time was used to explore the evolution of this instability [22] and to locate stable localized structures [5] . Our continuation results broaden significantly the parameter space in which spatially localized states are known to be present [5] . A different set of parameter values was used in two recent studies of convectons in closed twodimensional containers [25, 26] .
2.1.
Case A: σ = 6.22, τ = 0.009, S = −0.021. Figure 1(a) shows the result of numerical branch following in a periodic domain of length Γ = 14 for the parameter values used in [21] . The branches of even and odd convectons (labeled L even , L odd ) are shown in dashed and solid lines, respectively. Both branches terminate together on the branch P 7 of stationary periodic states with n = 7 pairs of rolls, just below the saddle-node on the latter. The figure also shows the branch of subcritical traveling waves TW 7 with seven wavelengths within the period Γ that bifurcate from the Hopf point at R = R H ≈ 1760.81 and terminate on P 7 at R = R * ≈ 1746.96. The bifurcation at R = R * corresponds to a (supercritical) parity-breaking bifurcation from a circle of equilibria (the state P 7 ) that produces (stable) TW that drift slowly in one or other direction; the phase speed of these waves approaches zero as (R * − R) 1/2 . For R < R * the (upper) P 7 branch is unstable to TW disturbances, while for R > R * it is stable with respect to both TW and amplitude perturbations, i.e., perturbations with the same symmetry as the state. Thus for these parameter values the pinning or snaking region is located in a range of Rayleigh numbers in which extended convectons resemble a part of a stable stationary periodic state. For these parameter values we expect to find stable convectons. Figure 4 (a) shows an even parity convecton at R = 1785 (top panel). This solution is located at e1 in Fig. 1(a) , on a portion of L even that in SH35 would correspond to stable solitons [12] . However, this is not the case here, as shown by the time trace of the vertical velocity component w(−4.8, 0.78, t) (middle panel). This panel shows that this convecton is in fact unstable to infinitesimal perturbations and evolves into steady spatially periodic convection on the P 7 branch (bottom panel). Figure 4 (b) shows for comparison an even parity convecton at e2 (R = 1777). This convecton is expected to be unstable with respect to amplitude perturbations [12] and is indeed unstable. The bottom panel shows that it evolves into a numerically stable odd parity convecton on L odd . In projection this final state almost coincides with the initial location e2 but lies on a portion of L odd that is expected to be stable. We have also confirmed that a longer even parity convecton, at e3 (also R = 1777), is numerically stable, as expected from the SH35 analysis in Fig. 3 . Thus the longer convectons, that is, convectons resembling the stable periodic P 7 state over longer portions behave as expected on the basis of general theory [12] while the shorter convectons lower down on the snaking branches are typically all unstable. We surmise but have not confirmed that this loss of stability is related to the presence of the oscillatory instability of the conduction state in R > R H that is inherited by low-lying, shorter convectons. We remark that the even convecton in Fig. 4(a) , top panel, entrains lighter fluid from above, resulting in a lower than average concentration within the convecton, while the even convecton in Fig. 4(b) , top panel, entrains heavier fluid from below, resulting in a higher than average concentration within. In contrast, the vortices at the two ends of the odd convecton (Fig. 4(b) , bottom panel) rotate in the same sense (counterclockwise), and as a result the vortex at the right entrains heavier fluid from the bottom while that at the left entrains lighter fluid from the top, setting up a visible mean concentration gradient across the convecton.
2.2.
Case B: σ = 6.86, τ = 0.0083, S = −0.127. Figure 1(b) shows the corresponding results for the more negative value of the separation ratio S used in [19] . In this case the branch TW 7 bifurcates from the conduction state at R = R H ≈ 1960.5 and the P 7 branch only acquires stability for R > R * ≈ 1941.5. In this case the change of stability of the P 7 branch falls inside the pinning region [17] , and this fact is expected to influence the stability properties of the higher-lying, longer convectons on L even and L odd . Observe that the pinning regions of the odd and even states are now noticeably different although their left boundaries coincide. This is a consequence of horizontal pumping of concentration by the odd parity states, as explained in [25, 26] . Note also that both pinning regions are broader, a fact that can be attributed to the more negative value of S. This change in S promotes subcriticality of the periodic branch P 7 . Figure 5 (a) shows an even parity convecton at e1 in Fig. 1(b) , at R = 1973. This portion of the branch is stable to amplitude perturbations but numerical integration shows that the state is linearly unstable to asymmetric perturbations and evolves into a localized right-traveling wave. A snapshot of this state is shown in Fig. 5(a) , bottom panel. The envelope of this state drifts in the same direction as the TW within but on a much slower time scale. Figure 5 (b), shows that an even convecton at e2 (R = 1947), is also unstable to asymmetric perturbations and also evolves into a localized traveling wave of the same type, this time traveling (and drifting) to the left (Fig. 6 ). This remains so for the convecton at e3 (R = 1965.5) (not shown) although the convecton at e4 (R = 1970) evolves into the stable P 7 state (not shown). We have not found any stable convectons for this set of parameter values. Figure 7 shows the Nusselt number time series associated with the localized traveling waves. Both time traces are periodic, indicating that the localized traveling waves are two-frequency states -the construction of the Nusselt number removes the translation frequency of the pattern leaving only the modulation frequency [18] . The apparent period-doubling in (b) is a consequence of asymmetry between up and downflows [18] .
2.3. Case C: σ = 9.16, τ = 0.008, S = −0.257. Figure 8 shows the corresponding results for S = −0.257, a separation ratio used in [27] . In this case the pinning region is inside the instability range of P 7 (R * ≈ 2431) and we expect all extended localized states high up the L even and L odd branches to be unstable. The pinning regions are now even broader, and once again the left boundaries of the odd and even states coincide. The pumping effect responsible for the difference in the right boundaries of the odd and even pinning regions is much stronger now since a larger ∂ z θ(x, z = 1) dx as a function of the Rayleigh number R for stationary periodic convection (P 7 ) and stationary spatially localized states of even (L even , dashed line) and odd (L odd , solid line) parity. The branch of traveling waves (TW 7 ) is also shown. The P 7 branch is stable only for R > R * .
value of |S| implies a stronger concentration separation and hence an increase in the effectiveness of entrainment, for fixed R or equivalently fixed vortex strength. In this case we find, as expected, that the convectons decay into a spatially periodic TW. Figure 9 (a,b) shows two even convectons from L even , at e1 (R = 2167) and e2 (R = 2168), of quite different lengths, selected from the pinning region, together with the results of time evolution. Although both states are amplitudestable they are unstable to asymmetric perturbations that evolve into the TW 7 shown in the bottom panels. A careful look reveals that the TW 7 do indeed break both the even and odd symmetries of the stationary states, while retaining the mirror-glide symmetry.
3. Summary. In this article we have summarized the properties of strongly dissipative solitons called convectons that are found in binary fluid convection. These convectons come in two families, distinguished by their parity. We have seen that both families are organized in a snaking diagram, although in contrast to simpler systems such SH35 [12] the widths of the snaking regions of the odd and even states are different. This difference increases with increasing |S| since the width of each region increases with the subcriticality of the periodic branch. We have attributed this fact to the pumping effect associated with odd parity convectons whereby heavier fluid is pumped across the convecton from one side to the other depending on the direction of the vortices in the front regions bounding the convecton.
We have seen that depending on the location of the pinning region relative to the termination R * of the TW branch these structures can be stable, and have shown that when this is not the case the states may evolve into different types of traveling states, either spatially extended or spatially localized. This richness reflects the absence of variational structure of the fluid equations. Overall the stability properties of the convectons are quite similar to those in Marangoni convection in a binary mixture with a negative separation ratio [2] . In this system short convectons are also strongly affected by their proximity to the primary Hopf bifurcation and are generally unstable, while those higher up the snaking diagram are stabilized provided the periodic state is itself stable. We hope that these results will stimulate a new series of experiments on water-ethanol mixtures. Existing experiments for σ = 5.97, τ = 0.0085, S = −0.020 [20] have identified stable convectons embedded in a background of traveling waves but pure convectons have not been observed. For such experiments we predict that the background waves would die away as the Rayleigh number is decreased below the threshold for the absolute instability of the conduction state [5] , leaving the steady convectons described here.
The states studied here are characterized by a length scale inherited from the depth of the fluid layer. In optical systems this scale is analogous to the longitudinal dimension, representing a fundamental difference between the present system and many others in which the length scale is selected by a Turing or modulational instability in the transverse direction. The behavior of the system nevertheless resembles that of simpler variational systems; this is a consequence of the fact that the snaking or pinning region is produced by transversal intersections of the stable and unstable manifolds of the conduction state and spatially periodic convection, a mechanism that is both robust and independent of the detailed structure of the equation(s) provided these are reversible in space [6, 13, 29] .
